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Abstract: Accumulations are operators on structured object that proceed their computation on
each clement of the object keeping some intermediate results, Accumulations are widely used in
the design of efficient sequential and parallel programs. The purpose of this paper is to deal with
the transformation on accumulations so that more efficient programs can be derived. We formu-
late accumulations by means of higher order catamorphisms and propose a promotion theorem for
accumulations. Some examples are given to explain our method.
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1 Introduction

Accumulations are operators on structured abject
that proceed their computation on each element of
the object keeping some intermediate results.

Accummulations have gained a wide interest in the
design of both sequential programs [1. 2] and paral-
lel programs [4]. Especially in parallel programming,
accumulations are considered as one of basie parallel
operators [3]. and a special hardware for sean aceu-
mulations has been installed in CM5 [5] recently.

The purpose of this paper is to deal with the trans-
formation on accummlations so that more efficient
programs can be derived. We have two problems
here: one is how to formulate accumulations and the
other is how to perforin transformation on such ac-
cumulations.

For the first problem, it has been suggested that
an accumulation can be efficiently deseribed by the
paramcter accumnuletion whereby a specification is
generalized by the inelusion of an extra argument
[1. & 9]. Because such parameter accinulations can
be of any style, it follows that the promotion strat-
egy for paramcter acenmmulations seems difficult to
find.

striction on the style of parameter accumulations,

To overcome this shortcoming, we make re-

requiring thal parmmneter acenmulations be specified
by function-valued catamorphisms {i.e.  higher or-
der catamorphisms). With this restriction, the pro-
motion on accumulations can be well done while the
descriptive power of higher order catamorphisms for
accumulations is not decreased.

After settling the first problem, the second prob-
lem only needs to find a proper and powerful pro-
motion strategy for the transformation of accumu-
lations.
mulations, the promotion theorem can be naturally

Thanks to the uniform style of our acen-

derived.

We adopt Bird-Meertens Formalism (BMF) as our
algebraic framewaork. The BMF was firstly a calcu-
lus for the derivation of programs developed by Bird
and Meertens[2. 11], and then extended to be a more
general theory on structured data types based on cat-
egory theory[10]. Besides its conciseness and higher
degree of abstraction, it places a heavy emphasis on
the algebraie properties of data types, resulting in a
vich and powerful body of laws which show the close
correspondence between data structures and control
structures. In BMF. there are two hmportant con-
A catamin-
phism is. put simply. & unique homowmorphism o

cepts:  catomorphosm and  promotion.

the specilied stractured data type to another sim-
ilar type. while the promaotion theorem is a general
transformation strategy for the manipulation of cata-
morphisins.  If we could deseribe an acenmulation
by a catamorphism, manipulation an aceumnulations
would be reduced to that on catamorphisms. Unfor-
tunately, there are few study on the transformation of
acenmulations as well as higher order catamorphisms
in BMF,

This paper 1s organized as lollows, We introduce
briefly some BMF notational conventions in Section
2. In section 3, we uge some examples to show thar
higher order catamorphisms can describe accumula-
tions effectively, Section 4 proposes a promotion the-
orem for our transformation. Two applications are
given in Section 5, and finally some discussions ave
described in Section 6.

2 Basic Notational Conventions

The notation we use is based on that of Bird [2, 10].
We denote the application of function f to argument
« with f a, and denote the functional composition
with an infix dot () as (f.g) 2= J (g ).

We often u
note infix hinary operators. These operators can be

the symbols such as @, @, - to de-

turned into nnary functions by sectioning or partial
application:

(aB) b=a& b= (&) a

A data type is constincted as the least solution
of a recursive type equation and determined hy a
type functor £ with some type constructors 7; (1 =
1,---.n). A type functor is a function from types to
types that has a corresponding action on funetions
which respects identity and composition. For exam-
ple, the type of the cons list with cleinents of type o
is defined by

Consau=[]|a:(Cons a),
atcl according to this type equation, F is defined as

L+lax X
i ad % f

P X
Ff

For object:

For function:

where 1is the terminal object, ! is a constant funetor,
t and + is the siun. In this case, there

are two type constructors ([ ] and :).

% is the prodhe

Central to this paper is the notion of catamor-
phisms which form important lunclions over a givin

data type. They are the functions that promate
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through the type constructors. The consequence of
the definition of a type as the least solution of a type
equation is the unique existence of the catamorphism.
For example. for the couns list, given ¢ and @ | there
exists a unique catamorphism, say cata, satisfying
the following equations,

cata | ] =

é
cata (r:xs) = & (cate a5)

In essence. this solution is a relabeling it replaces
every occurrence of | | with ¢ and every oceurrence of
: with & in the cons list. Since ¢ and @& uniguely de-
termine a catamorplism, we are likely to usc special
braces to denote this catamorphism:

cota = ([e, &)

The catamorphisms are manipulatoble n the sense
that they obey a number of promotion or distributiv-
ity laws that are useful for transformation.

3  Specification with Higher Order Cata-
morphisms

The higher order catamorphism on a specified data
type 7 is a catamorphism whose result of its appli-
cation to a data of type T is still a function. Higher
order catamorphisms are more powerful than first or-
der ones in that many accumulations which cannot
be described or cannot be efficiently described by first
order catamorphisms can be efficiently described by
higher order catamorphisins.

The procedure to specify acenmulations by higher
order catamorphisins is similar ta the acownulational
transformation [1]. The difference is that the final re-
sult we obtain is of the style of higher order catamor-
phisms. Suppose that the initial algorithm is speci-
fied naively by

ace 2T —= O,

where 7 is determined by functor F' with constrme-
tors 7.+ -.7,. The accumulational specification us-
ing higher order catamorphisms is derived by the fol-

lowing three steps:

1. Define a funcrion eed’ by including a new para-
eter ae:

'
ace s = acc &8 ac

2. Find all g;'s satislying
' 5 I ;
ace .7 =g (F acc) (1 =1, n)

To see clearly about the above equalion, we give

an example of cons lists, It turns out. Lhat

e T =Consu
"7 =

o F

| s v

ace = id + id x ace!

What we want to ind ave g (= g1) and & (= g2)
that satisfy the following equations.

acc’ [] = g
ac (z:18) = 2 & T8

3. Re-express aec as

acec xs = (g1, . gn]) Ts ac

The correctness of the above transformation can be
easily proved by induction on the construction of the
type T based on the theory of Malcolm [10] and
Hagino [7].

The ditficulty for such transformation is to find
those g;'s that meet the requirement. In BMF., this
can be done by calculation. Let us see some exam-
ples.

Example 3.1 Considering a function computing the
initial sum of a list, we can define 1t naively as follows.

esumn | =[]

tsum (x:xs] = o (map (z4+) (1swm s))

[t is not efficient becanse “map {x+)" costs much.
even though it is a catamorphism on cons lists.
Rather than perform transformation from the ini-
tial inefficient definition, we are likely to rewrite it
first into accumulational form and then perform other
transformation. Let
tsum xs = iswn’ s ()

and we find g; = € and go = & where

e[ ]
Ae.({le+ ) : (p(e+z)))

€
rEp =

It is not diffieult to check that

tsum' .1 =g (F asum’) (i =1.2)
To this end. the
function isum' can be specified by (e. @] . a higher

order catamorphism.

holds, where 71 = [ ] and 7o = :.

As the result. the new program becomes as follows,

Ael[ ]
ZE (1
where
e @p=Aele+x): (ple+x)))

isum’ ] =

F 3
tswn (xcxs) = sum' xs)




It should be noted that a program written by a
higher order catamorphisin is not always efficient, be-
cause it depends much on how to accumulate. To
define an efficient program by means of higher order
catamorphisms, we need to find a suitable accumula-
tion method. It will be seen later that accoumulational
parameters can be of anything such as simple data or
even functions depending on problems.

Another example is somewhat different in that the
initial specification can not be written directly with-

out an accunulational parameter.

Example 3.2 Define a function ¢sub that computes
the initial subtraction of a list, e.g.

isub [5,2,1,4]
r

= B5-25-2~15-9=~1-4]
= [5,3.2,~9]

In fact, the function isub can not be specified by a
first class catamorphism on cons list because the sub-
traction is not conumutative. In other words, there
exists no such a binary operation & that makes

isub (x:28) = a @ (isub xs)

hold. However, with higher order catamorphisms it
can be effectively specified.

We show the result below, omitting the derivation
procedure.

isubl = (6.9)
where
5= A1)
c®p=Xf((f =) :(p ([ =x)-))

It is interesting to see that functions are used for

acenmulation.

It has been shown by the above two examples that
higher order catamorphisms are fit to specify accu-
mulations. More formal discussions on this topic will
be done in the future,

4 Manipulating Accumulations

As we have seen that many acenmulational algo-
rithms can be specilied by higher order catamor-
phisms, transformation on accumulations is reduced
to that on catamorphisms.

In the world of first order catamorphisms, the pro-
motion theorem tells us that the composition of a
homomorphism with a catamorphism is again a cata-
morphism.

—5

Theorem 4.1 (First Order Promotion[10])
Assume that ((fi.---, fa]) is a first order cataanor-
phism with respect to the type functor F. For a
given h, if there exist g;,---. g, satisfying

h.fi=gi(Fh) (=1,.n)

then

h([flfﬂD = ([,‘."l-"'wg"ih

As to our higher order catamorphisms, we have the
similar promotion theorem.

Theorem 4.2 (Higher Order Promotion)

Let (1. ¢n il — (A — B) be a higher order
catamorphism on type L with respect to the functor
F. If there exists 4%, -, 1), satisfying

(h).g = . F(h.) (i=1.---.n)
then

o1, - ¢udas) = (4. b)) as

Based on our promotion theorem together with
other transformational rules. many efficient programs
can be derived. To express the process of transtor-
mation, we use Feijen's proof format that provides a
clear method of laying out a calenlation. The caleu-
lation is displayed in the form of

P

= { hintsastowhy P=@Q }
Q

= { hintsastowhy Q@ =1 }
i

Let ns see an example.

Example 4.1 Consider that we want to simplify the
expression

ex x5 = [ (isum’ x5 0),

Since

(fx.€)a

= { def ofe }
f=({Ae[] a)

= | application }
I

= { def. of map }
[]

= { abstraction }
(Ae]) a

= { def. of¢ }

€

T an



and

(fx . (z&p)) o
= | definition of # in isum’ }
frlat+a:(plata)))
{ Dby the definition of * }
flata): f+(platzx))
{let (zeop)a=flatx):platz) }
(x®(f*.p)la

Lold, we change the above two equations to those in
variable free notation:

(f=.). le=ead=¢c.F(f*.)
(f*.).@=@.(idx (f+.)) =®.F(f«.)

Based on the promotion theorem. we can simplify the
ariginal expression.

f* (tsum’ x5 0)

= { composition and application }
(f*.(isum x5)) 0

= { the derived result and promotion theorem }

({(f*.). [e.®) x50
= | promote f* into catamorphism }
[e.®]) 250

The derived program is as follows.

er s = cx' as ()

ex' []=Ae[]

ex’ (:zs8) = 2@ (ex’ z8)
where

z@p=Ae(l(fle+zx)):(pletz)))

The example shows that transformations on lngher
order catamorphisms are as direct as those on first
One of the benefits of our method is
its convenience for hierarchical optimization, i.e. we

order ones.

perforn simple local optimization with higher order
catamorphisms, and then combine them to a big effi-
cient higher order catamorphism based on the promo-
tion theorem. By repetition of this procedure. many
efficient programs can be systematically derived from
much more complicated initial specification.

5 Some Applications

5.1 Downwards tree accumulations

The initial motivation for us to assaciate higher or-
der catamorphisms with accumulations is to find
a method to formulate downwards tree accummla-
tions which are both efficient and manipulatable.
Gibbons[6] proposed this problem and claimed that

some restrictions on the initial downwards tree ac-
cumulations are necessary. However, his complicated
diseussion leaded us to seek another simpler and more
concise method. Using higher order catamorphisms
to specify downwards tree accumulations, we not only
solve the problem, but also make Gibbons® restric-
tions unnecessary.

Downwards tree accumulations,
three operations f, ® and @, are defined on the tree

depending on
type of
Tree a = Leaf a | Node a (Tree a) (Tree a)

as:

dagf gz (Leaf a)=f a
du’(fe'l‘-(f[!l (Node a x J)
= Node (f ) (dag(faymy.0.0) %) (daqirae)ee )

Many tree algorithms are described by them. For
example, the application of daj; 4 4, to the tree of

Node 1 (Leaf 2 (Node 3 (Leaf 4) (Leaf 3)))
will produce the tree of
Node 1 (Leaf 3 (Node 4 {Leaf 8) (Leaf 9)))

as shown below.

It is clear that da( ;. ;) may be implemented in
parallel by allocating one processor for each node in
the tree. Unfortunately, such definition is not manip-
ulatable, hecause it 18 not a catamorphism.

Gibbons claimed that only under some conditions
could downwards tree accumulation be expressed as a
catamorphisnn. In fact, the catamorphisin he referved
to is first order catamorphism, If we use higher order
catamorphisms for description, many problems can
be solved.

As usual, we rewrite downwards tree accumula-
tions into a higher order catamorphism. Let

dagf gy tr = rln‘:f‘*_,\;;) i if

and we get

rla,ff‘q___@, = ([Ag. Leaf (g a), dnode])




where

dnode a uw v
=Ag. Node (g o) (w{(g a)®)) (v ({5 a)@))

The new definition of the downwards tree accummnla-
tion may also be efficiently implemented both in sc-
quential and parallel. Moreover, based on our Promo-
tion theorem, transformation on such aceumulation
can be performed, and as the result. many efficient
parallel tree algorithins are derived,

5.2 Finding palindromic words

Consider that we want to derive an efficient, prograi
for the problem of finding all the words that are palin-
dromes in a given character list.

5.2.1 The specification

The problem can be solved by three steps:

1. Define the function ficlds to break up a line
(represented as a list of character) into a list of
words, It may be defined as follaws.

pields ] =]
fields (e 1}
= ficlds I, 1f ¢ == Space
=word [¢] I, otherwise
word w (c: 1)
= word (w4+[c]) I, if ¢ # Space
waord w ]

= : { fields 1), otherwise

2. Construct another word list in which all wards
obtained in step 1 are reversed.
reversex . ficlds

3. Compare two word lists in step 1 and 2 and select
the words that have the same spelling.

€8 =Tx.eqw . zp
where
eqaw (][] = True
eqw (& :ws) (y:ys)
= Fulse, if x #y
= eq.w x5 ys. otherwise
and
zip ([1,[]) = 1]
zip (w:ows,y:ys) = (zy):zip (zs,ys)
pa] =[]
palx: rs) = w:(paxs), if px
= p<axs, olherwise
woAey) = T

To summarize, the initial specilication for the prob-
lem is

pw s = (es.pl) «s
where
pl oy = (fields xs, (reverses fields) xs).

It is a quadratic program, which is not s efficicnt.

5.2.2 The derivation

The derivation starts from the local optitization of
fields, and then performs promotional transforma-
tion repetitly to find the optimized program for the
whole specification.

For simplicity, we assume that each word in the
given character list is followed by a single space.

Making fields linear

As usual. by adding an extra accumulational parari-
eter, we transform fields into fields' to be a higher
order catamorphism. At the first glance, the accumu-
lational parameter might be defined as a list hold-
ing parts of the scanning word and being concate-
nated to its end with the currently scanning char-
acter. But this is not enough because the concate-
Therefore,
we use Hughes' idea [9], which represents the list

nating operation () costs too much.
w8 = [z, 19, -+ 2,1, 2,] by the following function
composition.

f=le)(wa) oo zaoys) ()

To get s from f, we have only to apply the empty
list ta f. By this representation, concalenating a
character to the end of a list can be performed in
constant time.

The following is the result of rewriting fields into
an efficient higher order catamorphism, Let

fields xs = frelds' ©sid

and define fields’ in which w is for the nse of the
ward accumulation,

fields' = (e.a)

where

a = []

(rep)w = p(w.(x:)), if  # Space

= {w[]):(pid). otherwisc

The transformed frelds is a linear program,



Promoting reverse « into ficlds

Since we have got an eflicient program for fields.
we hope to derive an efficient, program for reversex
. fuelds by promoting rever se x into fields. With the
similar procednre as in Exercise 4.1, # and ® can he

derived satislying

el

(reverses ). ¢
: ® . (1d x (reversex .))

e
(reversex.). & =

where

B w = []
(r@plw = p(lz:).w),

= (w]]): (pd),

if ¢ # Space
otherwise.

The details of this derivation are not addressed
here. but it should be noted that during the deriva-
tion we have Lo use the following property.

reverse ((ws.w) []) = (w.reverse . ws) []
Based on the promotion theorem, we get
reversex . (fields' zs) = (Aw.[]. ®) zs
So the whole transformation becomes:

(reverse=. fields) xs

= { new definition of fields }
reversex ( fields' xs id)

= { functional composition }
(reversc+ . (frelds’ zs)) id

= { result above }

([Aw.[], @) s id

The derived program is an efficient linear program.

Making pl as a catamorphisin

According to the above transformation, the definition
of pl becomes as follows,

ples = ({{a,8) xsid, (4. @)) =5 id)

It will be shown that pl can be transformed into a

higher order catamorphism. This transformation will

make it easier for the next step of transformation.
For notational convenience, we define

(Fllg) te.y) =(f =, gy

aud unzep which is an inversion of 2ip, e.g.

Uz \l Lty (2,57 (300 ]] = | []- 2 J] [Hz- b-"”

Now expressing pl by ||, we have
pl ws =pl' xs (id, 1d)
where
plzs = ((e.8) xs || (B.@) xs).

The derivation of a higher order catamorphism for
pl', say ([7, @), is shown below.
First, we find ~.

P[] (g )
= { def of pI' }

([ @D [ 111 (B.@}[]) (wy,w)
= { def of catamorphism }

(|| 3) (wy,02)
= { define y = («|3) }

A (wy,un)

Next we find @,

pl! (z:xs8) (wy, ws)
= { def of pI' }
((e. @) (z:xs) || (B, @) (z:28)) (wy.ws)
= { def of catamorphism }
(re((a.8)as) || tz @ ([B. @) xs))) (wy.ws)
= { || and def. of < and & }
([, 0D zs (wy(22)), (B.8) s ((2:).0m)),
1fx # Space
(w1 ]: ([, 8] x5 2d), (wa ] : ((B. Q) x5 4d)))
otherwese
= { |}
([e.8]) xs || (B.0) z8) (wi.x:) (2:)ars).
1fe # Space
unzip ((wi] ], wal ]}
([ ) as || (B.@]) zs) (id. id))),
otherwise
(z@ (pl' x8)) (wy,wy)
where
(x @ p) (wy,ws)
=p (wi(z:), (z:)wa). ifr # Space
=wunzip ((wy] |,ws[ ) : p(id,id)), otherwise

To this end, we have reached our result.

plas = (v,0) 25 (wy,ws)

Promoting es into pl

The last step of our derivation is to promote cs into
pl to get a tight program. We show only the final
result. becatse the derivation procedure is similar to




that discussed already.

(cs.pl) xs
= { def. of cs and pl }
(71 . eqw 2. 2ip).(p 25)) (101, 2)
= { promote rj.cqwa.zipinto pl' }
(k. @) zs (wy.wa)
where
k= .| ]
(x @ p) (wy,wy)
=p (wi(z:).(z:)w), ifr # Space
=un[]:p (id.ad), if eqaw ([ ]) (wa] ])
=p (ed.id). otherwise

The last derived result is linear. This ends our whole
derivation.

6 Discussions

As shown in this paper. higher order catamorphisms
are powerful for both specification and transforma-
tion. But our work is just started. Many further
investigations are needed,

One of our future work is to apply our method to
the derivation of correct parallel programs. It has
been shown that accumulations are becoming more
and more important in parallel programs. Blelloch
[3] and many others argued that the accummlations
could be regarded as a basic parallel operators and
many useful parallel programs can be constructed by
them. We hope that our study will be useful for the
development of efficient parallel programs based on
accumulations.

Another future work that seems interesting is to
find how to derive efficient parallel programns by ma-
nipulating accumulations of parallel data structures
(e.g. trees, arrays and etc.). It is said that paral
lel data structures are of great important in parallel
programming. It has been shown in the paper that
the downwards tree accumulation becomes manipu-
latable by using higher order catamorphism without
loging its efficiency in parallel implementation. Dased
on this result, we will undertake to derive eflicient

parallel programs for tree problems.
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