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Abstract— Skeletal parallel programming ease par-
allel programming by providing efficient ready-made
skeletons. However, nested use of skeletons are dif-
ficult to be implemented in an efficiently and load
unbalanced way. In this paper, we propose a novel
transformation theorem called the segmented diffu-
sion theorem, an extension of the diffusion theorem,
which can flatten many nested uses of skeletons into
more efficient skeletal parallel programs. This the-
orem is not only useful for guiding construction of
efficient skeletal parallel programs, but also suitable
for optimizing skeletal parallel programs in compil-
ers.
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I. Introduction

Parallel skeletons are a set of functions that make
both programming and parallelization easier. By
using parallel skeletons with efficient implementa-
tions, programmers can write efficient parallel pro-
grams without the knowledge of details of paral-
lel algorithms or hardwares. Programming using
parallel skeletons is called skeletal parallel program-
ming [Col89], [DFH+93], [Ski94], or simply skeletal
programming . Examples of such parallel skeletons
are higher order functions such as map, reduce and
scan in BMF [Ski92].

These skeletons are certainly efficient enough for
flat data structures, e.g. list of integers, by dis-
tributing almost the same number of elements to
each processor. However, for the case of nested
data structures, e.g. list of lists of integers, simply
distributing the same number of elements to each
processor cannot lead to good results. Consider the
following program:

maxs ass = maximum ∗ ass.

which maps the function maximum to a list of lists
to obtain maximum for each element list. Suppose
ass = [as1, as2, . . . , asn], then this expression is in-
efficiency when the lengths of as1, as2, . . ., asn are
of big difference. To see this clearly, consider the

extreme case of

maximum ∗ [[1], [2], [1, 2, 3, 4, . . . , 100]],

and assume that we have three processors. If we
naively use one processor to compute maximum on
each element list according to the parallel semantics
of map, computation time will be dominated by the
processor which computes maximum [1, 2, . . . , 100],
and the load imbalance cancels the effect of paral-
lelism in the map skeleton. In fact, nested use of
skeletons usually suffer such problem.

In this paper, we are investigating that under
what condition of f , the computation of

f ∗ [xs1, xs2, . . . , xsn]

can be implemented efficiently no matter how dif-
ferent the lengths of the element lists are. We shall
propose a powerful theorem called segmented diffu-
sion theorem, based on which an algorithm is given
for flattening nested skeletons systematically.

The organization of this paper is as follows. Af-
ter briefly reviewing the notational conventions and
some basic concepts in the BMF parallel model in
Section II, we give the segmented diffusion theorem
in Section III and show the strategy of applying
the theorem for flattening nested skeletons in Sec-
tion IV. Section V applies the theorem to obtain
an efficient skeletal parallel programs for the XML
tag-matching problem, and gives the experimental
results. Section VI concludes the paper.

II. BMF and Skeletal Parallel

Programming

We will address our method on the Bird Meertens
Formalisms (BMF for short) [Bir87], a data paral-
lel programming model [Ski90], though the method
itself is not limited to the BMF model. We choose
BMF because it can provide a concise way to de-
scribe both programs and transformation of pro-
grams. Those who are familiar with the functional



language Haskell [JH99] should have no problem in
understanding the programs in this paper. From the
notational viewpoint, the main difference is that we
use more symbols or special parentheses to shorten
the expressions so that manipulation of expressions
can be described in a more concise way.

A. Functions

Function application is denoted by a space and
the argument which may be written without brack-
ets. Thus f a means f (a). Functions are curried,
and application associates to the left. Thus f a b
means (f a) b. Function application binds stronger
than any other operator, so f a⊕ b means (f a)⊕ b,
not f (a ⊕ b). Function composition is denoted
by a centralized circle ◦. By definition, we have
(f ◦ g) a = f (g a). Function composition is an as-
sociative operator, and the identity function is de-
noted by id. Infix binary operators will often be de-
noted by ⊕,⊗ and can be sectioned ; an infix binary
operator like ⊕ can be turned into unary or binary
functions by a ⊕ b = (a⊕) b = (⊕ b) a = (⊕) a b.

B. Parallel Data Structure: Join Lists

Join lists (or append lists) are finite sequences of
values of the same type. A list is either the empty,
a singleton, or the concatenation of two other lists.
We write [ ] for the empty list, [a] for the singleton
list with element a, and x++ y for the concatenation
(join) of two lists x and y. Concatenation is associa-
tive, and [ ] is its unit. For example, [1] ++ [2] ++ [3]
denotes a list with three elements, often abbreviated
to [1, 2, 3]. We also write a : x for [a] ++x.

C. Parallel Skeletons: map, reduce, scan, zip

It has been shown [Ski90] that BMF is a
nice architecture-independent parallel computation
model, consisting of a small fixed set of specific
higher order functions which can be regarded as
the primitive parallel skeletons suitable for paral-
lel implementation. Four important higher order
functions are map, reduce, scan and zip.

Map is the skeleton which applies a function to
every element in a list. It is written as an infix ∗.
Informally, we have

k ∗ [x1, x2, . . . , xn] = [k x1, k x2, . . . , k xn].

Reduce is the skeleton which collapses a list into
a single value by repeated application of some asso-
ciative binary operator. It is written as an infix /.
Informally, for an associative binary operator ⊕, we
have

⊕/ [x1, x2, . . . , xn] = x1 ⊕ x2 ⊕ · · · ⊕ xn.

Scan is the skeleton that accumulates all interme-
diate results for computation of reduce. Informally,
for an associative binary operator ⊕ and an initial
value e, we have

⊕−//e [x1, x2, . . . , xn]
= [e, e ⊕ x1, e ⊕ x1 ⊕ x2, . . . ,

e ⊕ x1 ⊕ x2 ⊕ · · · ⊕ xn].

Note that this definition is a little different from
that in [Bir87] where e is required to be the unit
of ⊕. In fact efficient implementation of the scan
skeleton does not need this restriction.

Zip is the skeleton that merges two lists into a sin-
gle one by paring the corresponding elements. The
resulting list has the same length as that of shorter
one. Informally, we have

[x1, x2, . . . , xn] Υ [y1, y2, . . . , yn]
= [(x1, y1), (x2, y2), . . . , (xn, yn)].

It has been shown that these four operators have
nice massively parallel implementations on many ar-
chitectures [Ski90]. If k and ⊕ need O(1) parallel
time, then k∗ can be implemented using O(1) paral-
lel time, and both ⊕/ and ⊕−//e can be implemented
using O(log N) parallel time, where N denotes the
size of the list. For example, ⊕/ can be computed
in parallel on a tree-like structure with the com-
bining operator ⊕ applied in the nodes, while k∗ is
computed in parallel with k applied to each of the
leaves. The study on efficient parallel implementa-
tion of ⊕−//e can be found in [Ble89], though the
implementation may be difficult to understand.

III. Segmented Diffusion Theorem

We aims at a general framework for efficient im-
plementation of so-called segmented computation
[Ble89], i.e., a computation defined in the form of f∗
where f is described in terms of skeletons. It con-
tains a nested use of skeletons; skeletons are used
inside the map skeleton. This kind of form appears
quite often in skeletal parallel programming.

Consider, as a simple example, to compute sums
of all the rows in a sparse matrix. Note that to
reduce the space, a sparse matrix like




0 0 3 0 0
1 4 1 5 0
0 0 0 0 0
9 0 0 0 0




is often represented by a list of list like

[[(2, 3)],
[(0, 1), (1, 4), (2, 1), (3, 5)],
[ ],
[(0, 9)]].



With this representation, the summation of a ma-
trix can be solved easily using the skeletons by

sm = ((+/) ◦ (snd∗)) ∗ .

If we implement sm by just following the parallel
semantics of the skeletons of map and reduce, we
cannot obtain much parallelism. To see this clear,
suppose we are given 4 processors. According to
the semantics of map, we assign four element lists
to each processor. Since the lengths of the lists as-
signed to each processor are 1,4,0,1, which are of
much difference, the unbalanced loads cancel the
parallelism.

Blelloch [Ble89][Ble92] gave a case study, showing
that if f is a scan ⊕−//e, then f∗ is called segmented
scan and can be implemented efficiently. However,
it is too restrictive if f must be a scan. We hope to
address this problem more generally.

A. Flattening Lists

To remove nested use of skeletons, we should have
a flat representation of nested lists. One simple way
is to represent nested lists by a flat list with tags
indicating the starting element of each inner lists
[Ble89]. For instance, the nested list

[[1, 2], [3, 4, 5]]

may be represented by

[(T, 1), (F, 2), (T, 3), (F, 4), (F, 5)]

where the tag T is associated to the first element
of each inner list, while the tag F is associated to
others. Simple as it is, it cannot represent a nested
list with an empty inner list, because the empty
list does not have any element, let alone to say the
starting one. To resolve this problem, we extend
the T flag with an additional number to indicate the
number of empty lists appearing before the element.
For example, the nested list

[[1], [], [], [2, 3, 4], [], [5]]

is flattened into

[(T 0, 1), (T 2, 2), (F, 3), (F, 4), (T 1, 5)],

that is,

flatten [[1], [], [], [2, 3, 4], [], [5]]
= [(T 0, 1), (T 2, 2), (F, 3), (F, 4), (T 1, 5)].

With the flattened representation of nested lists,
each processor can be assigned almost the same
number of data elements, and therefore, reason-
able load balancing between processors can be

achieved. For the above example of computation
on matrix, the four processors may be assigned
to [(T 0, (2, 3)), (T 0, (0, 1))], [(F, (1, 4), (F, (2, 1)],
[(F, (3, 5))], and [(T 1, (0, 9))], respectively. Note
that the elements of the same inner list may be di-
vided and assigned to more than one processor.

For the sake of simple presentation, we will as-
sume no empty list appears at the end in a nested
list.

B. Segmented Diffusion Transformation

To flatten nested skeletons, we shall propose a
transformation rule, called segmented diffusion the-
orem. This theorem could be considered as the seg-
mented version of the diffusion theorem [HTI99].

B.1 Diffusion Theorem

The diffusion theorem was motivated by the need
of a more friendly interface for skeletal parallel pro-
gramming, making it easy to find a good combina-
tion of skeletons to solve complicated problems.

Definition 1 (accumulate) Let g, p, q be func-
tions, and ⊕ and ⊗ be associative operators. Func-
tion accumulate is defined by

accumulate [ ] e = g e
accumulate (a : x) e =

p(a, e) ⊕ accumulate x (e ⊗ q a).

We write [[g, (p,⊕), (q,⊗)]] for the function
accumulate.

The diffusion theorem [HTI99] shows that the re-
cursive function accumulate can be decomposed into
an efficient parallel program in terms of the primi-
tive skeletons map, reduce, zip, and scan.

Theorem 1 (Diffusion) The skeleton accumulate
can be diffused into the following composition of
skeletal functions.

accumulate x e = let y ++ [e′] = ⊗−//e(q ∗ x))
z = xΥ y

in (⊕/ (p ∗ z)) ⊕ (g e′)

Therefore, recursive function accumulate ab-
stracts a ‘good’ combination of parallel primitives.
On one hand, recursive functions defined in the form
of accumulate can be decomposed into the form us-
ing skeletons. On the other hand, as discussed in
[HIT02], compositions of primitive skeletons can be
fused into accumulate.



B.2 Segmented Diffusion Theorem

Our theorem concerning nested skeletons states
that mapping the function accumulate to every sub-
list can be turned into a form applying another
accumulate to the flattened representation of the
given nested list.

Theorem 2 (Segmented Diffusion) Let xss be a
nested list. Then

(λxs. [[g, (p,⊕), (q,⊗)]] xs c) ∗ xss
= [[g′, (p′,⊕′), (q′,⊗′)]](flatten xs)(F, c,True, 0)

where1

g′( , ,True, i) = copy i (g c)
g′( , a,False, i) = g a : copy i (g c)

p′((T m, x), ( , , T rue, ))
= copy m (g c) ++ [p (x, c)]

p′((T m, x), ( , a, False, ))
= [g a] ++ copy m (g c) ++ [p (x, c)]

p′((F, x), ( , a, , ))
= [p (x, a)]

us ⊕′ vs
= init us ++ [last us ⊕ head vs] ++ tail vs

q′(T m, x) = (T m, c ⊗ q x,False, 0)
q′(F, x) = (F, q x,False, 0)

( , , , i) ⊗′ (T m, b, v, ) = (T m, b, v, i)
(t, a, , i) ⊗′ (F, b, v, ) = (t, a ⊗ b, v, i)

Since space is limited, we do not give detailed
proof here; one can prove it by induction on the
length of xss. Two remarks are worth making
on the segmented diffusion theorem. First, it fol-
lows from the efficient implementation of accumulate
that the map of accumulate can be efficiently imple-
mented. Second, since skeletons f∗, ⊕/ and ⊕−//e

are special cases of accumulate, the map of these
skeletons can be efficiently implemented.

Corollary 3: Skeletal programs (f∗)∗, (⊕/)∗,
and (⊕−//e)∗ can be efficiently flattened into an
accumulate.

IV. Flattening Algorithm

Based on the segmented diffusion theorem, we
give the following algorithm, called F , for flatten-
ing nested skeletons. The input to the algorithm is

1We omit the definition for the functions copy, head, last,
init, which are standard in Haskell [JH99].

nested skeletal programs in the form of f∗, where f
may be a complicated skeletal program. The output
is an equivalent but more efficient skeletal parallel
programs eliminating this nesting.

F(f∗) =
let f ′ = fusion(f)
in

if f ′ is not an accumulate
then f∗
else

let
acc′ = segmened-diffusion(f ′∗)
g = diffusion(acc′)

in g

The algorithm can be read as follows. Given
the program f∗, F first tries to apply the fusion
transformation [HIT02][GWL99] to merge compo-
sitions of skeletons into a single one. If this fu-
sion fails, then the result f ′ will not be in the form
of accumulate, and F will not change the program
and returns the initial one as result. Otherwise, it
applies the segmented diffusion theorem to flatten
f ′∗ into another accumulate function, which can be
transformed back to a skeletal parallel program ac-
cording to the diffusion theorem.

To be concrete, recall the example in Section III,
where we have the following skeletal parallel pro-
gram:

sm = ((+/) ◦ (snd∗)) ∗ .

First, we apply fusion transformation to (+/) ◦
(snd∗) and get

f ′ xs = [[λc.[ ], (λ(x, c).snd x,+), (id, λc.λa.c)]] xs 0

which is in the accumulate form. Then we apply
the segmented diffusion theorem to f ′∗ and obtain
a new function

λxss. ([[g′, (p′,⊕′), (q′,⊗′)]]
(flatten xss) (F, 0,True, 0))

where the definitions for g′, p′, ⊕′, q′ and ⊗′ are
omitted. Finally, we apply the diffusion theorem to
transform accumulate back into a program in terms
of the primitive skeletons, which is omitted here.

As a more interesting example, consider to com-
pute a list of polynomials: Given is a list of lists
ass

ass = [[a11, a12, . . . , a1n1 ],
[a21, a22, . . . , a1n2 ],

...
[am1, a22, . . . , amnm

]]



and a constant c, we want to design an efficient
skeletal parallel program polys ass c to compute

[a11 × c + a12 × c2 + · · · + a1n1 × cn1 ,
a21 × c + a22 × c2 + · · · + a2n2 × cn2 ,

...
am1 × c + am2 × c2 + · · · + amnm

× cnm ]

where ni and nj may be much different when i �= j.
Clearly, computation of each polynomial is inde-

pendent, and polys can be defined using the map
skeleton as

polys ass c = (λas. poly as c) ∗ ass.

Here poly is to compute a single polynomial, which
can be defined in terms of the primitive skeletons as
follows [HIT02].

poly as c =
+/((λ(x, y).x × y) ∗ tail(⊕−//( ,1) as)

where ( , e) ⊕ x = (x, e ∗ c)

One may stop here to appreciate the difficulty
in flattening polys; the function poly used inside
the map skeleton looks rather complicated. How-
ever, we can apply the cheap fusion transformation
[HIT02] to obtain the following definition

poly as c =
[[λe.0, (λ(a, e). a × e,+), (λx.c,×)]] as 1.

Now one can apply the segmented diffusion theo-
rem followed by the diffusion theorem to obtain a
new efficient skeletal parallel program for comput-
ing polys. We leave the detailed derivation to the
readers.

V. Experiment: The Tag Matching

Problem

As a more practical example, consider that we are
given a document composed of many paragraphs of
various lengths. It contains many open and close
tags like XML document, and we are interested
in checking whether each paragraph is consistent,
i.e. open and close tags must perfectly match within
each paragraph.

Using a stack, one can easily do checking for one
paragraph. Opening tags are pushed, and a closing
tags are matched with the current stack top. Failure
is indicated by a mismatch, or by a nonempty stack
when a match is required or at the end of the scan
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Fig. 1. S-Diff applied to uniform and irregular data

of the input.

check [ ] s = isEmpty s
check (a : x) s = if isOpen a

then check x (push a s)
elseif isClose a
then noEmpty s ∧

match a (top s) ∧
check x (pop s)

else check x s

Here we use several boolean functions; isOpen and
isClose are to determine if an input tag is an open-
ing or an closing one, match to determine if two tags
are bracket-matched, and isEmpty and noEmpty
to determine if a stack is empty or not.

With check, checking whether all paragraphs are
matched or not can be defined by

tagMatch = (λxs. check xs Empty) ∗ .

It has been shown in [HTI99][AIH00] that check can
be defined in terms of accumulate, so we can use the
segmented diffusion theorem.

To take a look at the effectiveness of the seg-
mented diffusion theorem, we conducted some pre-
liminary experiments on the following two programs
for tagMatch.

• Map-Diff: the skeletal program without apply-
ing the flattening algorithm.

• S-Diff: the skeletal program after applying the
flattening algorithm.

We use the skeletal library implemented by C lan-
guage and MPI library [AIH00]. Our machine en-
vironment consists of two multiprocessor PCs: one
has 4 processors (PentiumIII Xeon 550MHz) and
the other has also 4 processors (PentiumIII Xeon
450MHz).

Test data size of the entire document is 5,000,000
characters, and total number of paragraphs is set
to 100. Fig. 1 shows some results. The solid line
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Fig. 2. S-Diff and Map-Diff applied to irregular data

represents the case where the sizes of paragraphs
are quite different, and the broken line represents
the case where the sizes of paragraphs are almost
uniform. We can see that two lines are very simi-
lar, showing that S-Diff is sufficiently efficient even
though the input (nested) data is irregular.

To compare S-Diff with Map-Diff, we have con-
ducted another experiment. The input data is the
same as that used in the experiment of the solid
line in Fig. 1, except that the original nested rep-
resentation is used in this experiment. Equal num-
ber of inner lists (paragraphs) in the nested list are
distributed to each processor without taking their
sizes into account, and they are supplied to check.
The result is shown by a broken line in Fig. 2.
The total computation time does not decrease even
though total number of processors increases. This
fact suggests that the computation time depends on
the paragraph of the largest size. The solid line is
the same as that of Figure 1, but we plot it in Fig.
2 for comparison.

These results clearly show the power of the seg-
mented diffusion theorem and effectiveness of the
proposed flattening algorithm.

VI. Conclusion

In this paper, we propose a novel theorem called
the segmented diffusion theorem, an extension of
the existing diffusion theorem, which can efficiently
flatten nested skeletons. Based the theorem, we
present a flattening theorem, and shows how it can
be used to optimized a wide class of nested skele-
tons. Several examples and experimental results
show its power and effectiveness.

Different from the approach in [TIH01], we do not
need to introduce a set of nested skeletons. Com-
pared with the flatten transformation in [HIT02],
our new flattening transformation based on the seg-
mented diffusion theorem can deal with nest lists

that may contains empty inner lists, and further-
more the new theorem is more concise in the sense
the result program is a single accumulate (instead of
a composition of a project function and accumulate)
which is more suitable for further transformation.
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